We derive a new kind of recursion relation to obtain the one-particle-irreducible (1PI) Feynman diagrams for the effective action. By using this method, we have obtained the graphical representation of the four-loop effective action in case of the general bosonic field theory which have vertices higher than the four-point vertex.
I. INTRODUCTION
In quantum field theory, the effective action plays an important role in studies of the vacuum instability, the dynamical symmetry breaking and the dynamics of composite particles [1] . It is well known that the effective action of the given particle physics model can be obtained from the 1PI vacuum diagrams with the generalized propagator and the vertices which depend on the classical field [2] . There exist various packages such as FeynArts [3] and QGRAF [4] to determine the Green functions of the given particle physics model. Recently, a systematic approach to obtain the recursive generation of the connected and the 1PI Feynman diagrams of the multicomponent φ 4 -theory, QED and the scalar QED was proposed by using the functional integral identity DΦ . Moreover the recursive generation of the two-particle-irreducible (2PI) effective action have been analyzed [12] and the four-particle-irreducible (4PI) effective action was obtained by using the result of the 2PI effective action [13] . In this paper, we propose a new kind of recursion relation to obtain the 1PI Feynman diagrams for the effective action. In Sec.II, we derive the recursion relation for the effective action and apply this method to the general bosonic field theory which have vertices higher than the four-point vertex and obtain the graphical representation of the four-loop effective action. In Sec.III, we give some discussions and conclusions.
II. A NEW RECURSION RELATION FOR THE FEYNMAN DIAGRAMS OF THE EFFECTIVE ACTION
In this section, we will first derive a recursion relation for the Feynman diagrams of the effective action for the action given by
where the interaction S int [Φ] contains the higher vertices which appear in lattice regularization [14] as well as the cubic and the quartic interactions. In this paper, we use a notation where the capital letters contain both the space-time variables and the internal indices and the repeated capital letters mean both the integration over continuous variables and the sum over internal indices. For example, if the capital letter A contains a space-time variable x and the internal index i,
The generating functional for the Green functional W [J] is given by the functional integral
Hereh is an expansion parameter and we will puth = 1 at final stage. The effective action Γ[φ] is defined by the Legendre transformation of the Green functional W [J] as
where
By using (4) and (5), we can obtain the relation
and from (3) and (4), we can write
By expanding the effective action Γ[φ] aroundh as
, we can obtain the loop-wise expansion of Γ[φ] [15] . Now let us change the variable of the functional integral Φ → Φ + φ and expand S(Φ + φ) as
Actually the vertex S A1···AN corresponds to one point in space-time. By substituting (9) into (7), we can obtain the first two terms of the effective action as
The higher order effective action Γ[φ] is given by the 1PI vacuum diagrams with the propagator D −1 AB and the vertices S A1···AN [φ] [2] . Now consider the functional identity
From (6), we can obtain
and from (3), (5) and (7) we obtain
We have used the fact that Γ (n) depends on ∆ −1 only through the D
−1
AB ( see (11) and (12) ) when n ≥ 1 to obtain the last line of the above equation. By using the identity δ δD
and by substituting (14) and (15) into (13), we obtain
By using (11), we can see that the orderh term of (17) is already satisfied. As usual, let us define the proper self-energy Π and the full propagator G as
and
so that
By substituting (18) and (20) into (17) and by multiplying D AB , we obtain the recursion relation for the effective action as 2 δΓ
where the notation [...] (n) means the orderh n term of the quantity inside of the bracket. Eq.(21) is the central result of this paper and by using this equation, we can obtain the n-th order effective action from the lower order self-energies. Note that the result of the operation
δDAB D AB is equal to multiplying each diagrams in Γ (n) by the number of the its propagators. Now, let us apply the recursion relation (21) to the general bosonic field theory which have vertices higher than the four-point vertex. In case of the two-loop effective action Γ (2) , (21) becomes 2 δΓ (2) δD AB D AB = Π
(1)
The derivative with respect to φ can act either to the propagator D AB which contains the term S AB [φ] or to the vertex S A1···AN [φ] as
In the graphical representation, a line represents the propagator D and a n−point vertex have the factor S A1···An . Also a box with an capital letter represents the vertex which have indices that is not contracted with the propagators attached to it so that
For example, (23) can be expressed as
Then we can obtain from (11) and (18) 
By using (22), we can obtain
In case of three-loop effective action Γ (3) , (21) becomes 2 δΓ
Π (2) can be obtained from Γ (2) [φ] by operating δ 2 δφAδφB . The graphical representation of this operation to the diagrams of Γ (2) [φ] is given by
By substituting Π (1) and Π (2) given in (27) and (30) into (29), we obtain
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In the case of the four-loop effective action Γ (4) , (21) becomes 2 δΓ
It is straightforward to obtain Γ (4) by following the same steps as before. The result is [10, 12] and we have obtained a result which agree with the previous results exactly. ∆Γ (4) which is the Feynman diagrams of the four-loop 1PI effective action obtained from the higher vertices were not reported previously and is given by 
III. DISCUSSIONS AND CONCLUSIONS
In this paper, we have derived a new kind of recursion relation to obtain the effective action. We have applied this method to the general bosonic field theory which have vertices higher than the four-point vertex and have obtained the graphical representation of the four-loop effective action. The 1PI diagrams of the φ 4 -theory with only three and four-point vertices agreed with previous results and we have given the results for the 1PI diagrams with the higher vertices. The extension of the method we have used in this paper to obtain the recursive generation of the 1PI effective action to the case of the 2PI and 4PI effective action is in progress.
